Bondi theory is often assumed to adequately describe the mode of accretion in astrophysical environments. However, the Bondi flow must be adiabatic, spherically symmetric, steady, unperturbed, with constant boundary conditions. Using 3D AMR simulations, linking the 50 kpc to the sub-pc scales over the course of 40 Myr, we systematically relax the classic assumptions in a typical galaxy hosting a supermassive black hole. In the more realistic scenario, where the hot gas is cooling, while heated and stirred on large scales, the accretion rate is boosted up to two orders of magnitude compared with the Bondi prediction. The cause is the nonlinear growth of thermal instabilities, leading to the condensation of cold clouds and filaments when t cool /t ff < ∼ 10. The clouds decouple from the hot gas, 'raining' onto the centre. Subsonic turbulence of just over 100 km s −1 (M > 0.2) induces the formation of thermal instabilities, even in the absence of heating, while in the transonic regime turbulent dissipation inhibits their growth (t turb /t cool < ∼ 1). When heating restores global thermodynamic balance, the formation of the multiphase medium is violent, and the mode of accretion is fully cold and chaotic. The recurrent collisions and tidal forces between clouds, filaments and the central clumpy torus promote angular momentum cancellation, hence boosting accretion. On sub-pc scales the clouds are channelled to the very centre via a funnel. In this study, we do not inject a fixed initial angular momentum, though vorticity is later seeded by turbulence. A good approximation to the accretion rate is the cooling rate, which can be used as subgrid model, physically reproducing the boost factor of 100 required by cosmological simulations, while accounting for the frequent fluctuations. Since our modelling is fairly general (turbulence/heating due to AGN feedback, galaxy motions, mergers, stellar evolution), chaotic cold accretion may be common in many systems, such as hot galactic halos, groups, and clusters. In this mode, the black hole can quickly react to the state of the entire host galaxy, leading to efficient self-regulated feedback and the symbiotic Magorrian relation. Chaotic accretion can generate high-velocity clouds, likely leading to strong variations in the AGN luminosity, and the deflection or mass-loading of jets. During phases of overheating, the hot mode becomes the single channel of accretion, though strongly suppressed by turbulence. High-resolution data could determine the current mode of accretion: assuming quiescent feedback, the cold mode results in a quasi flat temperature core as opposed to the cuspy profile of the hot mode.
INTRODUCTION
Accretion onto compact objects plays central role in the evolution of astrophysical systems. A number of physical processes, such as radiative cooling, heating and turbulence, as well as the presence of magnetic fields and transport processes, could all affect the effective accretion rate onto compact objects. The complexity of the real accretion process makes it impossible to predict the accretion E-mail: mgaspari@mpa-garching.mpg.de rate analytically. Only under very restrictive assumptions of adiabaticity, spherical symmetry, unperturbed and steady initial conditions, in the absence of magnetic fields, self-gravity, and feedback, can the nonlinear hydrodynamic equations be solved analytically (Bondi 1952) . In this idealised case, the Bernoulli equation reduces to 
with gas pressure p, density ρ, velocity v, adiabatic index γ, and mass of the accretor M•. After some algebraic manipulation, conservation of mass and Eq. (1) lead to the famous Bondi accretion rate formulȧ
where λ = (1/2) (γ+1)/2(γ−1) [(5−3γ)/4] −(5−3γ)/2(γ−1) is a normalisation factor of order unity, and cs is the gas sound speed (the infinity symbol denotes very large radii).
This elegant and convenient formula for mass accretion has been extensively used in the last fifty years in countless astrophysical studies. In particular, a large majority of investigations, either theoretical/numerical or observational, assume that that accretion dynamics follows the Bondi solution even when the region of influence of the accretor (the Bondi radius, rB = GM•/c 2 s,∞ ) is not resolved (e.g. Reynolds et al. 1996; Loewenstein et al. 2001; Churazov et al. 2002; Baganoff et al. 2003; Di Matteo et al. 2003 , 2005 Springel et al. 2005; Allen et al. 2006; Croton et al. 2006; Hopkins et al. 2006; Rafferty et al. 2006; Sijacki et al. 2007; Hardcastle et al. 2007; McCarthy et al. 2008; Booth & Schaye 2009; Cattaneo & Teyssier 2007; Cattaneo et al. 2009; Yang et al. 2012) . However, since realistic astrophysical conditions are dramatically different from the classic scenario, it is essential to include more realistic physics and relax the Bondi assumptions. This is especially important in the context of accretion onto supermassive black holes, as the SMBH feedback governs the formation and evolution of galaxies, groups, and clusters throughout the cosmic time (McNamara & Nulsen 2012) .
In the last decade, investigators have started to quantify the deviations from the classic Bondi accretion scenario, using numerical (e.g. Proga & Begelman 2003; Pen et al. 2003; Krumholz et al. 2005 Krumholz et al. , 2006 Igumenshchev 2006) or semi-analytical approaches (e.g. Quataert & Narayan 2000; King & Pringle 2006; Soker 2006; Nayakshin & King 2007; Pizzolato & Soker 2010; Narayan & Fabian 2011; Hobbs et al. 2012; Mathews & Guo 2012 ). The latter models tend to be based on restrictive assumptions on the flow properties (e.g. steady, spherically symmetric, isobaric, constant cooling function, free boundary conditions, simplified potential), while the former have focused on a particular physics or specific conditions, as a rotating shell or a quasar (Hobbs et al. 2011; Barai et al. 2012) . Previous simulations typically studied either the region within rB for a few Bondi times (tB = rB/cs,∞), or the opposite regime involving cosmological timescales without resolving the Bondi radius. Other limitations include the choice of the geometry (1D, 2D) or the discretisation method. We dedicate §8 for the comparison and review of the works closer to our research.
In the present investigation, we intend to provide a coherent and unified picture of the departures from the classic and idealised Bondi accretion scenario. Using three-dimensional adaptive mesh refinement (AMR) simulations, we link the small sub-Bondi spatial scales to the large 50 kpc scales (up to roughly 10 million dynamical range), and study accretion on timescales of over 40 Myr ( > ∼ 200 tB). As reference case, we consider accretion onto a black hole in a common astrophysical environment -an elliptical galaxy in a hot gaseous halo. We progressively increase the realism of the accretion process, while including physics that is simple and generalizable to a wide range of situations. First, we start from purely adiabatic evolution in a stratified atmosphere ( §3). Second, we relax the assumption of adiabaticity and include radiative cooling ( §4). Third, we drive turbulence to model the effect of weak or strong gas stirring (e.g. AGN feedback, galaxy motions, mergers, cosmic flows, stellar evolution), studying the dynamics with and without cooling ( §5 and §6). Finally, we introduce distributed heating to emulate the effects of AGN and stellar feedback ( §7). This allows us to keep the system in global -though not local -thermal equilibrium, as observed in most galaxies, groups, and clusters.
After taking into consideration the above realistic processes, the accretion dynamics profoundly differs from the classic case. The mode of accretion is cold and chaotic, driven by stochastically forming and moving multiphase filaments, which condense via nonlinear thermal instability (TI). The cold clouds are complex extended structures, as opposed to infinitesimally small objects on ballistic orbits. The frequent inelastic collisions and tidal motions between clouds, filaments, and the central volatile torus, promote angular momentum cancellation in the cold phase. The amount of gas that is accreted trough the central region is thus boosted, up to 100 times the Bondi rate. On sub-parsec scales (down to our highest resolution of few tens gravitational radii), the cold gas is channelled toward the BH through a funnel, maintaining a similar high level of accretion ( §7.5). We show that the cooling rate is a good approximation to the accretion rate, and we suggest to employ it as fiducial subgrid prescription for accretion (and thus feedback), especially in cosmological simulations. In §9, we present an in-depth discussion of the results, along with the limitations of our models, the role of additional physics, and the implications of chaotic cold accretion.
The primary focus of this work is to answer the question: do black holes accrete gas in the hot or cold mode? In recent years, there has been a revolution in the field of galaxy formation driven by the realisation that many galaxies accrete primarily in the cold mode (e.g. Kereš et al. 2005) , rather than in the hot mode. We address the same question in the context of BH accretion, highlighting the role of thermal instabilities and turbulence.
PHYSICS & NUMERICS

Initial Conditions
We study accretion physics in a very common astrophysical system, i.e. an elliptical galaxy embedded in a hot atmosphere (intragroup/intracluster medium -IGM/ICM). The initial density profile is in hydrostatic equilibrium (neglecting the black hole) with the temperature profile corresponding to that observed in the typical massive galaxy/group NGC 5044 (Fig. 1a , darker line; cf. Gaspari et al. 2011b) .
The gravitational potential in the centre is dominated by the supermassive black hole of mass M• = 3 × 10 9 M . Schwarzschild radius is thus RS ≡ 2GM•/c 2 3 × 10 −4 pc, while the initial Bondi radius is rB ≡ GM•/c 2 s,∞ 85 pc (the sound speed is cs,∞ 390 km s −1 on kpc-scales away from the black hole), and the corresponding Bondi time is tB ≡ rB/cs,∞ 210 kyr. Adopting a large black hole mass increases the Bondi radius and thus allows us to resolve this radius better, though the timestep becomes smaller (due to higher central T and v). In this work, we study the regime of accretion associated with the kinetic feedback, rather than the rarer quasar-like regime shaped by the strong X-ray radiation ( §8).
On kpc scales, the total potential is dominated by the deVaucouleurs profile of the cD galaxy with stellar mass M * 3.4 × 10 11 M and effective radius re 10 kpc. Within the central ∼300 pc, M * is assumed to be constant as commonly observed , thus inducing a flat gas density core. On larger scales (tens of kpc), the major contribution to total gravity g comes from the dark matter potential approximated via the NFW profile with virial mass Mvir 3.6 × 10 13 M (rvir 860 kpc) and concentration parameter c 9.5, in the concordance ΛCDM universe (H0 70 km s −1 Mpc −1 ). The normalisation of the gas density is set by the gas fraction fgas 0.1 (at rvir), yielding central electron number density ne,0 0.5 cm −3 . The ratio of the cooling time, t cool ≡ 1.5 nkBT /neniΛ ( §2.3), to the free-fall time, t ff ≡ (2r/g) 1/2 , starts below 10 in the range ∼ 100 pc -8 kpc. This is typical for cool-core systems which constitute the majority of groups, clusters, and massive galaxies. In the case of our galaxy the minimum 'TI-ratio' is ∼ 5 at 250 pc. The value of 10 corresponds to the threshold below which the growth of thermal instabilities becomes possible (Gaspari et al. 2012a; McCourt et al. 2012; Sharma et al. 2012) . This threshold can also be related to the observed entropy threshold, K ≡ kBT /n 2/3 e ∼ 30 keV cm 2 , below which substantial star formation is triggered and extended multiphase gas is observed (Rafferty et al. 2008; Cavagnolo et al. 2008) .
We use a modified version of the AMR FLASH4 code (Fryxell et al. 2000; Lee & Deane 2009) to integrate the equations of hydrodynamics (see §3 and Gaspari et al. 2011a ,b for more details). The computational box is 52 kpc on a side with the black hole located at the centre. We follow the evolution of the gas for 40 Myr. Such long evolutionary times (∼200 tB) in a domain that large (∼600 rB) are crucial in order to understand the role of turbulence and cooling on the formation of extended cold gas at large radii, and to follow the subsequent accretion onto the central black hole. Large dynamical range also removes any undesirable influence of the boundary conditions on our results. For the sake of completeness, we assumed boundaries where the gas is allowed to flow out of the computational domain, but is not allowed to enter it. The use of three dimensions is key to study the stochastic dynamics and the instabilities, otherwise leading to spurious compression, fragmentation, and/or condensation.
In order to link the sub-pc scales to the scales of 50 kpc over long evolutionary times, our only option is to adopt concentric fixed AMR mesh. We typically employ 14 levels of refinement, reaching up to 21 levels when we study accretion on sub-pc scales. This implies an effective linear resolution of 65536 -8388608 zones, i.e. a dynamical range of almost 10 million! This is one of the first studies achieving such an extended range (cf. Levine et al. 2008) .
Each 'spherical' shell covers over 50 cells in the radial direction at each level of refinement. Typical resolution of the reference runs is ∼0.8 pc. In a few runs we reach the sub-pc resolution, down to ∼20 RS. At this point additional physics certainly becomes important and we intend to address this in future work. As shown by the convergence runs ( §7.5), this resolution is nevertheless sufficient to track the key features of chaotic cold accretion.
In the present study, we assume the gas has negligible initial rotational velocity. The majority of elliptical galaxies have low vrot,gas, typically less than 10 per cent of the stellar velocity dispersion (e.g. Caon et al. 2000) . Local angular momentum is here seeded by turbulence and enhanced by the baroclinic instability (a clumpy torus is indeed formed). Under idealised conditions, for the faster rotating galaxies (∼ 0.1 σ * on the kpc scale), a thin disc would develop near the circularisation radius, ∼ 50−100 pc. However, Hobbs et al. 2011 ( §7.3) showed that when turbulent velocities are > ∼ vrot,gas, initial rotation is no more a hindrance for accretion. Realistic ISM/ICM turbulence, as modelled in this work, typically resides in this regime ( §2.4). Turbulence also represents an efficient mechanism able to diffuse angular momentum, to induce instabilities, and hence to alter the circularisation process. We intend to study more complex initial conditions in dedicated works (see also §9.1). In this study, we focus on the mode of accretion (cold vs. hot) and the role of thermal instability.
Black Hole Sink
After several tests, the best general and robust sink method we found is applying a vacuum region, by simply evacuating the gas that crosses the accretion sphere. For numerical stability (cf. Ruffert 1994), the gas density is not exactly set to zero, but is given a value of 10 −35 g cm −3 in a radius ra ∼ 4 -5 zones. Within the sink region, velocities are reset to zero and the gravitational potential is softened (though the latter is not crucial 1 ). Throughout this work, we refer to this sinked gas mass per timestep as the 'black hole accretion rate',Ṁ•.
The vacuum region is essential to properly evacuate the condensed cold gas, avoiding artificial overpressure bounces. On the other hand, the vacuum sphere defines a new (pc-scale) sonic point, which at first might seem artificial for black hole accretion 2 . However, a more realistic relativistic potential makes this assumption physical, even in the adiabatic case, for the following reason. Assuming the relativistic potential φPW = −GM•/(r − RS) (Paczyński & Wiita 1980) , and substituting it in the Bernoulli Eq. (1), yields
where ∆ = (3γ − 5 − 8RS) 2 − 64RS(1 − γ +RS); the sonic and Schwarzschild radius are normalised to rB (hat symbol). The key point is that the physical sonic radius resides now at a finite distance from the centre. This means that our simulated flow, adiabatic or not, always becomes supersonic near the parsec region, justifying the complete mass evacuation via the vacuum sphere.
Since the sonic point determinesṀ•, using the vacuum accretor or the relativistic potential results in a similar mild increase in the accretion rate. The non-dimensional accretion rate (Eq. 2) for the adiabatic reference case with the relativistic potential is in fact given by
wherert corresponds to the accretor surface, ifra >rs, or the sonic point in Eq. (3), ifra rs. For the adopted γ = 5/3, λ = [rt/(2(rt −RS)) + 3rt/4] 2 andrs =RS + (2RS/3) 1/2 , instead of the classic Bondi values λ = 1/4 andrs = 0. Note that the difference in the accretion rate with respect to the classic case is moderate ( < ∼ 20 per cent, for our typical setup), while the key relativistic correction resides in avoiding the singular sonic radius. Since the flow is supersonic, all of the gas crossing the sink radius can be removed, because the internal region is causally disconnected. The more general formula given by Eq. (4) is useful for detailed comparisons with the adiabatic (Bondi-like) reference case, as well as for future accretion studies.
1 For instance, φ = −GM•/(r 2 + s 2 ) 1/2 with a softening parameter s 2 = (0.7 ra) 2 exp[−(r/0.7ra) 2 ]; we also tested Plummer and cubic spline softening and did not find significant differences. 2 In general, the accretor has a finite hard surface, e.g. white dwarfs, neutron stars, planets. . The sonic radius in Eq. (3) is given by the minimum of g(r).
Radiative Cooling
The hot plasma in galaxies, groups and clusters emits radiation mainly in the X-ray band due to Bremsstrahlung at T > ∼ 10 7 K and line emission at lower temperatures. The radiative emissivity of the gas is proportional to the electron and ion number densities L = neniΛ(T, Z). As in our previous works, the cooling function Λ is modelled following the work of Sutherland & Dopita (1993) and assuming metallicity of Z 1 Z (Rasmussen & Ponman 2009 ). The stable cold phase has a temperature floor set at 10 4 K (which can be justified by UV background heating). We adopt for simplicity a constant 4 molecular weight of µ 0.62. For numerical integration of the cooling term, we use the exact cooling module described in Gaspari et al. (2012a) . Even if not strictly required, we adopt a timestep limiter imposed by the cooling time, in order to achieve higher accuracy. We tested also a few runs with an explicit Runge-Kutta cooling solver and found comparable results, albeit the explicit solver requires smaller timesteps.
Turbulence Driving
We model continuous injection of turbulence via a spectral forcing scheme that generates statistically stationary velocity fields (Eswaran & Pope 1988; Fisher et al. 2008) . This scheme utilises an Ornstein-Uhlenbeck (OU) random process (coloured noise), analogous to Brownian motion in a viscous medium. The driven acceleration field is time-correlated with a zero-mean and constant root-mean-square value. The time-correlation is important for modelling realistic driving forces. In the OU process, the value of the gas acceleration at previous timestep an decays by an exponential damping factor f = exp(− dt/τ d ), where τ d is the correlation time. Simultaneously, a new Gaussian-distributed acceleration with variance σ 2 a = * /τ d is added in the following way:
where Gn is the Gaussian random variable, * is the specific energy input rate, and an+1 is the updated acceleration. The six phases of the stirring modes (three real and three imaginary) are evolved in Fourier space and then converted to physical space. In this approach, turbulence can be driven by stirring the gas on large scales and letting it cascade to smaller scales. This is an efficient approach as the alternative would involve executing FFTs for the entire range of scales, where the vast majority of modes would have small amplitudes. In most runs, we impose a divergence-free condition on the subsonic turbulent velocity. In §5.4-7.4 we test transonic turbulence, including the compressional modes.
The key physical quantity of interest is the final 3D turbulent velocity dispersion, σv, which affects the dynamics of accretion. The driving of turbulence is intentionally kept simple as our goal is not to consider any specific stirring source, but rather keep the calculation fairly general. For example, the true source of turbulence may be galaxy motions, substructure mergers, supernovae or AGN feedback. In recent works, Gaspari et al. (2011b Gaspari et al. ( , 2012b showed that turbulence can be at the level of 100 -300 km s −1 for extended periods of time following an AGN outburst. Recent observations found very similar values of turbulence in ellipticals, groups, and clusters (de Plaa et al. 2012; . Notice that such a level of turbulence can preserve the observed metallicity gradient, as shown by Rebusco et al. (2006) .
In the reference runs the gas is stirred with σv ∼ 100 -180 km s −1 (Mach number M ≡ σv/cs ∼ 0.3 -0.4). This is achieved by adjusting the energy per mode 5 * and correlation time τ d (usually ∼ 10 −5 cm 2 s −3 and 3.15 × 10 11 s, respectively). As long as different choices of these parameters result in the same velocity dispersion, the dynamics of the flow remains unaffected. We stir the gas only on large scales, L > ∼ 4 kpc, letting turbulence to naturally cascade to smaller scales. In the absence of gravity the velocity field is approximately Kolmogorov-like, but in a stratified medium, as we consider here, the turbulence spectrum is slightly different. Finally, since the intensity of stirring in our fiducial models is low, the turbulent heating, which is proportional to σ 3 v /L, is negligibly small (see §6).
Global Heating
The final set of more realistic simulations includes heating of the gaseous atmosphere. Numerous XMM and Chandra observations of the hot gas in galaxies, groups, and clusters (e.g. Vikhlinin et al. 2006; Diehl & Statler 2008; Rasmussen & Ponman 2009; Sun et al. 2009 ) have clearly demonstrated that the majority of systems have a cool core in roughly global thermal equilibrium. Despite the presence of radiative cooling, central temperatures do not drop below one third of the virial temperature. Spectroscopic data shows that the cooling rates are severely quenched (Peterson & Fabian 2006) and the global thermal equilibrium is likely maintained at a ∼10 percent level.
The main source of the hot gas heating is likely AGN feedback (Gaspari et al. 2011a (Gaspari et al. ,b, 2012b and references within), with other possible contributions from mergers, conduction or stellar evolution . Importantly, these heating processes preserve the gentle positive temperature gradient seen in the data. We do not model AGN outflows, jets or bubbles as in previous work (Gaspari et al. 2012c ), but instead consider a simplified, yet general, heating model which encapsulates several phenomena. Specifically, we force the heating rate (per unit volume) to be equal to the average radiative emissivity in radial shells. In G12b, we showed that a prolonged jet feedback heating results in the system settling roughly to an equilibrium state (i.e. lack of cooling catastrophe) characterised by sustained turbulent motions ( §2.4). The current heating prescription achieves the same goal of keeping the atmosphere in a quasi-stable state (cf. McCourt et al. 2012) . As demonstrated in Gaspari et al. 2012a , in a jet-heated atmosphere, thermal quasi-steady equilibrium is achieved on a timescale longer than the duration of the simulations presented here. Since now we are not interested in simulating this transition period, we want to ensure that the system settles into global thermodynamic equilibrium as quickly as possible.
The details of how the global equilibrium is achieved do not alter the accretion dynamics and our conclusions. Nevertheless, regarding the shell thickness (where the average cooling is computed), it is preferable to use 4 -8 zones in order to model the stochastic spatial variation of heating in a more realistic way ( Fig. 9 in Gaspari et al. 2012b ). The very dense cooling gas, T < ∼ 10 5 K, can sometimes produce artificial peaks in heating in the inner tiny shells, which can be prevented by excluding those outliers from the average of emissivity. When stirring is activated, we first let the the 'boundary conditions' are taken at r B (solid) or averaged over 1-2 kpc (dashed). The latter, commonly adopted procedure introduces a small bias in the accretion rate by a factor of a few (as opposed to ∼100 times or more that is sometimes assumed in cosmological simulations). Note the excellent match between the prediction and the numerical solution (solid line).
system evolve for a brief period of time in order to seed the perturbations before imposing global heating. As for turbulence, the heating module is fairly general: our findings should thus be valid for a range of astrophysical conditions.
ADIABATIC ACCRETION -BONDI
We start by simulating a purely adiabatic Bondi-like accretion, i.e. we do not include stirring, heating or cooling. As opposed to the classical setup and previous works, we initiate the system by using realistic astrophysical conditions, i.e. by employing the temperature and density profiles corresponding to a representative galaxy ( §2). This allows us to quantify the differences between the accretion computed from the Bondi formula and the numerical simulation that are solely due to the non-zero gradients of the thermodynamic quantities on large kpc scales. Figure 1b. Adiabatic (Bondi-like) accretion: evolution of the massweighted electron density (top) and temperature (bottom) radial profilessampled every 1 Myr, from darker blue to cyan. Within ∼300 pc from the centre, the profiles are identical to the Bondi solution, and they smoothly join with the galactic gradients at large radii. The emission-weighted profiles (not shown) are very similar. Note the characteristic central cusp in temperature.
Accretion rate
The reference accretion rate 6 at the initial time isṀB 0.09 M yr −1 . In the classic adiabatic case (γ = 5/3), ρ/c 3 s is constant (in our stratified atmosphere only up to ∼3 rB). Therefore, the Bondi formula can be conveniently applied at rB avoiding the complications due to the gravitational potential of the galaxy.
As shown in Figure 1a (bottom), the 3D numerical simulation is in excellent agreement with the analytic estimate ( §2.2), reaching the steady state after ∼ tB: the black hole accretion ratė M•, through the sink sphere, is identical toṀB (solid line). After circa 10 Myr, the large scale gradients start to affect theṀ• evolution and introduce a 30 percent decrement in the accretion rate ( 0.07 M yr −1 at final time; top panel), while the difference with the instantaneous Bondi rate still remains within few per cent. Computing instead the referenceṀB on the kpc scale (averaging over 1 -2 kpc), as commonly done in cosmological and large-scale simulations, introduces an increase in the normalised accretion rate by a factor of 3 -4 (dashed line). This small bias is again caused by ; the normalisation for the velocity field is 500 km s −1 (the unit arrow length is 1/8 of the box width). Adiabatic accretion is smooth and steady, even in the presence of a galactic potential, and displays a significant temperature peak (even when emission-weighted).
the declining density and slightly increasing temperature profiles, thus overestimating entropy in the Bondi formula. Several works adopting subgrid modelling, especially in cosmological simulations, boost the Bondi rate by an ad-hoc factor α ∼100, mainly arguing that the entropy profiles are not resolved near rB (Booth & Schaye 2009 for a literature review 7 ). However, as indicated by Fig. 1a , this bias is typically just a factor of a few. On the other hand, we will show that the onset of TI and cold accretion ( §4-7) can physically induce the boostedṀ• up to two orders of magnitude, which seems required to reproduce the observed growth of black holes and their host galaxies .
Radial profiles & dynamics
The radial profiles within 300 pc are identical to the analytic Bondi solution, with the correct power-law slopes 8 : at very small radii the density approaches r −3/2 and the temperature r −1 , and the slopes of both quantities flatten rapidly on larger scales, joining with the galactic/group gradients (Fig. 1b) . The profiles are very smooth and have a low scatter, a sign that the code integrates the hydrodynamics equations in a consistent and stable way. Over 4 rB, the profiles are steady and very close to the initial conditions.
In the case of adiabatic accretion, the emission-weighted profiles (not shown) are very similar to the mass-weighted ones. This is due to the lack of cold gas. It is important to emphasise that the profile of the emission-weighted temperature Tew within < ∼ rB rises substantially. This is due to adiabatic compression and is in contrast to the pure unperturbed cooling case that exhibits only a slight 7 They also note the importance of a multiphase medium, using a densitydependent boost factor, which in our cooling simulations would result similar to α ∼ 100. 8 The limiting slopes are recovered by imposing the free-fall velocity v ff = (2 GM•/r) 1/2 in the continuity equationṀ = 4πr 2 ρv, since the gas tends to become transonic at small radii.
decline, or the heated case where the profile is roughly flat. With future deeper and high-resolution X-ray observations, the mode of accretion can thus be unveiled through the measurements of the gas temperature profiles.
The temperature map shown in Figure 1c illustrates excellent stability of the simulation: even after 40 Myr (200 tB), there are only tiny oscillations and asymmetries due to the cartesian AMR grids ( < ∼ 1 per cent). The inflow velocity is overall subsonic (in contrast to the cooling run), approaching M ∼ 1 only near the accretor ( §2.2). As we show below, this spherical (hot) accretion mode, although very convenient from the analytical point of view, is too idealised. Additional physics, such as cooling, stirring, and heating, drastically alters the whole evolution.
We note that several numerical schemes were tested (also for the non-adiabatic runs), to check the robustness of the results. We tested different flux formulations (split, unsplit), Riemann solvers (HLLC, ROE, hybrid), data reconstruction methods (MUSCL, PPM), characteristic slope limiters (minmod, VanLeer, Toro), and key parameters (e.g. cfl number, interpolation order). They all give comparable results. Overall, we opted for the unsplit formulation with PPM plus hybrid solver, which is in principle more accurate.
ACCRETION WITH COOLING
Radiative cooling radically changes the evolution of accretion flows. A fully realistic environment would imply a rough balance between cooling and heating ( §7). Nevertheless, it is very instructive to study the accretion flow when adiabaticity is violated and cooling prevails. The evolution may represent a phase in which the feedback heating is somehow delayed (as in the Phoenix cluster; McDonald et al. 2012) or still in the embryonic stage.
Accretion & cooling rate
The accretion rate ( Figure 2a ) exponentially increases until 7 Myr and then saturates around 7.5 M yr −1 at 40 Myr (∼5 t cool ). The cooling rate follows a very similar evolution (bottom panel; the rapid transition is due to the fact that we are tracking only the very cold gas, T < ∼ 10 5 K). The key result is the drastic increase of the accretion rate by > ∼ 100 times (from 0.07 to 7 M yr −1 ). If we tried to predictṀ• via the Bondi formula, we would be wrong by over 200 times (middle panel). As noted in §3.1, even computing ρ∞/c 3 s,∞ on different scales would change the normalised accretion rate just by a factor of a few (see physicalṀ•). This simulation demonstrates that the Bondi prescription provides incorrect estimates for the accretion rate when cooling is present. Further modifications will be induced by stirring and heating ( §5-7), but the break of adiabaticity plays the major role.
It could be tempting to modify the Bondi formula in order to retrieve an estimate for the accretion rate. However, the latter is suited only for accretion in a single-phase symmetric and unperturbed medium. In the current scenario, the cold gas decouples from the hot flow, and enters the quasi free-fall regime (though there is still some friction with the hot medium). Therefore, we can infer thatṀ• ∼ M cold /t ff (but not Mgas/t ff , as argued by Hobbs et al. 2012 - §8 -especially in the presence of TI discussed below). Since the amount of the cold gas mass depends on the cooling time, which is the relevant timescale for achieving approximate steady state, our estimate for the accretion rate reduces tȯ M• ∼ Mgas/t cool , which is the cooling rate. Figure 2a shows this Figure 2a . Accretion with cooling: evolution of the accretion rate (physical and normalised to the Bondi rate on kpc scale -top and middle panel) and the cooling rate (bottom; we track only the very cold gas, with T below ∼10 5 K). The dashed line corresponds to the previous adiabatic run. Note the dramatic boost in the accretion rate, by over two orders of magnitude with respect to the Bondi estimate, and the tight link with the cooling rate. tight relationship, which will still hold in the presence of stirring and thermal instabilities. This argument (elaborated in more detail in the following Sections) provides a basis for the subgrid modelling based on cold feedback, which has been previously shown to be extremely efficient in self-regulating the thermodynamical evolution of galaxies, groups, and clusters (Gaspari et al. 2012c ; §9). Figure 2b. Accretion with cooling: 3D mass-and emission-weighted radial profiles of density and temperature (cf. Fig. 1b ). The Tew profile has an X-ray cut of 0.3 keV and is computed in larger radial bins (to emulate a Chandra observation). It is evident that the massive condensation of cold gas, out of the hot phase, is entering the supersonic regime within few r B .
Radial profiles
The presence of cooling drastically changes the evolution of radial profiles ( Figure 2b ). The central flat density profile, ne, is erased in less than 1 Myr as in the adiabatic run. However, the pile-up of gas is now almost two orders of magnitude larger, reaching 100 cm −3 at 10 pc. In addition, the density slope is approximately r . Accretion with cooling: mid-plane cross sections through Tm (central 2 kpc 2 ) and density (52 kpc 2 ) after 40 Myr; the velocity field normalisation is 6000 km s −1 (1/8 of the box width). The cooling gas becomes supersonic near few r B due to the monolithic and symmetric condensation, which dramatically boostsṀ•. The inflow continues to increase over 10s kpc due to the loss of pressure support.
accretor), and it smoothly joins with the galactic gradient with ∼ r −1.3 . A negative slope of 3/2 is typical of an accreting gas in freefall ( §3.2). In fact, the cooling gas quickly loses pressure and can be thus considered to be in free-fall within few rB.
The mass-weighted temperature profile (middle panel) clearly shows that the whole core has condensed out of the hot phase and reached a stable floor at 10 4 K. This is illustrated by the significant drop in the emission-weighted profile within 2 rB (bottom panel) due to the zero sensitivity of X-ray detectors below 0.3 keV.
One key result concerns compressional heating. Since tB is much lower than the central initial t cool (∼30×), it is tempting to study accretion models neglecting cooling (e.g. Narayan & Fabian 2011) . However, as the temperature profiles show, adiabatic compression can delay cooling only for ∼ 3 Myr. Even if the ratio of t cool /t ff initially increases toward smaller radii (∝ r −1/2 , assuming a transonic inflow with T ∝ r −1 ), the dense warm gas near two Bondi radii starts to cool substantially creating an exponentially colder dip in temperature. After one cooling time (∼8 Myr), the conditions near one Bondi radius are completely altered by radiative cooling, and the temperature in the inner parsec region starts to gradually collapse 9 down to 10 4 K. At this point, the Bondi solution becomes unrealistic. Adiabatic compression can not stop cooling, it can only somewhat delay the collapse. A quasi adiabatic interstellar medium, even within a few parsec from the centre, represents a short transient phase in the history of accretion. Interestingly, as we explain in the following Sections, the same conclusions hold when the spatially distributed heating and turbulence are present. These processes also lead to a globally thermally stable atmosphere with local thermal instability and the formation of multiphase gas clouds.
On the larger galactic scales (r ∼ 1 -10 kpc), adiabatic compression due to the cD potential seems to be able to partially inhibit the weak cooling (the T decrement is no more than 40 per cent), at least for 40 Myr. However, the central temperature dip continues to expand and a massive cooling flow would develop in a few 100 Myr (with average cooling rate ∼20 M yr −1 ). Note that the smoothly varying emission-weighted Tew profile (with X-ray cut 0.3 keV; not projected) paradoxically conceals the development of the massive cooling flow, which is instead exposed by the high cooling (and star formation) rates.
Dynamics
The temperature slice in Figure 2c (left panel) shows complete condensation of the galactic core into the cold 10 4 K phase. The collapse is symmetric and monolithic and no thermal instabilities are present. This giant cold core/sphere continues to slowly increase in size. This is accompanied by a steady increase in cooling rates. The flow becomes supersonic at ∼170 pc (40 Myr). The transition to the supersonic regime occurs at the boundary of the cold nucleus and the hot gas at larger radii. This boundary coincides with the region where the gas enters the fast cooling regime < ∼ 10 6 K (Λ(T ) ∝ T −1/2 ). The very large sonic radius, compared with that in the Bondi problem, is a key characteristic of radiative accretion flows (especially in realistic potentials including the black hole, galaxy, and dark matter). Even if the initial sonic point lied within rB, the mass accretion rate would eventually become so large pushing the sonic limit rs > rB (cf. Quataert & Narayan 2000; Li & Bryan 2012; Mathews & Guo 2012) 10 . Nevertheless, cool core systems typically display a minimum t cool /t ff -linked to the eventual sonic pointabove the Bondi radius (e.g. McCourt et al. 2012) . As shown in the large-scale density map with the velocity field overlaid (right panel), the inflow is significantly enhanced even at the large distance of r ∼ 20 kpc, which consequently boostsṀ•.
We note that the solutions are characterised by good numerical stability with very low oscillations both in space and in time. Achieving this is non-trivial especially in the presence of radiative cooling which tends to amplify oscillations. The key to prevent such oscillations is to properly model the sink region (see §2.2). The gas must be properly evacuated when central resolution is very high. Otherwise, the gas rapidly accumulates and produces severe back-pressure on the inflowing gas at larger radii. This modifies the inner solution (e.g. vr > 0) and leads to artificial oscillations. This is the main reason why it is crucial to adopt the vacuum sink region, especially for the case of accretion driven by TI.
Although adding radiative cooling to hydrodynamics is more physical than resorting to the use of the standard adiabatic Bondi solution, the fact that the flow is still perfectly symmetric, steady, and unperturbed still implies that this simulated accretion does not adequately approximate that occurring in a realistic astrophysical system. In the next Sections, we increase the realism of the accretion process but note in passing that greater realism of these simulations does not affect our finding thatṀ• is significantly boosted beyond the prediction from the Bondi formula.
ACCRETION WITH COOLING & TURBULENCE
Observed systems are never characterised by perfect spherical symmetry. In a cooling medium, turbulence can seed new structures and nonlinear instabilities in the atmospheres provided that the seeded fluctuations are sufficiently large. Turbulent motions in the hot medium can be driven by numerous astrophysical phenomena including AGN feedback, galaxy motions, supernovae, and mergers (e.g. Ruszkowski & Oh 2011; Vazza et al. 2012) . We keep our model as general as possible in order to better understand basic physics of the accretion process. Therefore, continuous noncompressive turbulence is driven throughout the evolution with a low velocity dispersion reaching 150 − 180 km/s when fully developed, i.e. M ∼ 0.35 -0.4. In §5.4, we test stronger turbulence up to the transonic regime, a less general case, but still relevant when the atmosphere is heated by violent events.
Dynamics
For the present case it is more instructive to start by discussing cross sections through the temperature and velocity distributions (Figure 3a) . The first key result of this more realistic model is the formation of dense cold clouds (T ∼ 10 4 K). This phenomenon is simply explained through the growth of the nonlinear thermal instability (cf. Field 1965; Krolik & London 1983; Pizzolato & Soker 2005; Sharma et al. 2012 , or Rees & Ostriker 1977 for a cosmological perspective). This occurs despite the fact that there is no distributed heating, which can promote the growth of even small fluctuations ( §7 below). The moderate-amplitude stirring destroys the initial symmetric conditions and induces perturbations in density. Overdense regions then start to cool progressively faster. The process becomes nonlinear (although not exponentially as in the heated case) and cold dense filaments condense out of the hot phase after ∼10 Myr (Fig. 3a) . As the cold gas falls down in the potential well, compression accelerates cloud cooling, although in part delayed by adiabatic heating.
In order to become nonlinear, the amplitude of the density fluctuations should be > 10 per cent in the cooling-only case. Otherwise perturbations are advected inwards without being able to fully develop (e.g. Balbus & Soker 1989; Binney et al. 2009; Li & Bryan 2012) . The key point is that a very common subsonic turbulence (M ∼ 0.35) can induce sufficient overdensity amplitude to generate TI and extended multiphase gas. Including moderate turbulence generates perturbations in the hot medium. These perturbations grow nonlinearly via thermal instability and produce cold filamentary structures. The dynamics of the gas is chaotic, driven by collisions and tidal motions, which substantially reduce the clouds angular momentum and accelerate the sinking rate.
Another crucial result is that the mode of accretion has completely changed. Cold accretion is now fully chaotic (due to the high sensitivity of the long-term detailed dynamics on TI) and stochastic (given the random nature of the fluctuations)
11 . Cold clouds and filaments form first where t cool /t ff has a minimum 12 of ∼ 4 -5 at 250 pc (see §5.2). Over time the cold blobs and filaments start to appear at progressively larger radii, where the ratio t cool /t ff is initially higher and where there is less (spherical) geometric compression. The accretor region is small compared with the typical cross section of the condensing clouds/filaments, thus they start to collide multiple times: in part they are accreted, in part they form a transient rotational structure (torus). New clouds fall down and collide with the clumpy torus, drastically altering its dynamics and shape. The presence of the torus further facilitates accretion, since it increases the cross section for capturing the clouds. This compensates for the otherwise expected decrease in the accretion rate due to the cloud finite angular momentum.
The cold blobs should not be considered tiny bullets with insignificant cross section. As we quantify in §5.3, the accretion rate is now only slightly reduced compared with the unperturbed cooling case, and it is still up to two orders of magnitude higher than the Bondi prediction. Overall, accretion is significantly chaotic rather than ordered with unperturbed ballistic cloud trajectories. In passing, we note that starting from the assumption of chaotic accretion, King & Pringle (2007) and Nayakshin & King (2007) inferred interesting observational implications which we review in §8. Fig. 2b ). Note the condensation of warm/cold gas out of the hot phase via thermal instability, and the fluctuations imparted by turbulence.
Radial profiles
Unlike in the pure unperturbed cooling run ( §4), turbulenceinduced overdensities lead to the formation of substantial amounts of cold gas clumps. This happens within the first ∼5 Myr. Just as in the pure cooling case the temperature still drops to < ∼ 10 5 K, but the chaotic nature of the process is now evident in the massweighted profiles (Figure 3b ). Cold blobs manifest themselves as noticeable density fluctuations superimposed on a strong increase in density within the central 3 kpc (up to 10 3 cm −3 ). The average central density is now an order of magnitude higher compared with the unperturbed cooling run.
On the other hand, if the density and temperature is weighted with X-ray emission, the picture becomes very different. The temperature distribution shows less fluctuating profiles, and the density is only slightly peaked, up to ∼10 cm −3 (not shown -see Fig. 5b  for a similar example) . Remarkably, Tew (bottom panel) is almost flat, from few pc up to 10 kpc, and slightly hotter than the initial condition, ∼10 7 K. We note that high resolution X-ray observations could shed light on the mode of accretion by determining the temperature gradient in galactic nuclei. NGC 4472 and NGC 4261 might be two interesting cases of flat inner T profile (Humphrey et al. 2009 ). Notice that the mass of the black hole can be no longer estimated via the temperature peak, as in the adiabatic Bondi-like case, due to presence of cooling and the departure from hydrostatic equilibrium. We also note that, for isolated or small galaxies (Tvir < 0.5 keV), the overall T gradient is usually negative (Gaspari et al. 2012b ), due to the lack of circumgalactic gas, and may be erroneously identified with the hot mode regime.
The minimum in the t cool /t ff profile determines where the onset of the TI and cloud formation will begin. In our case, this minimum occurs around 250 pc (see Figure 5c for a similar trend). Beyond ∼7 kpc, the cooling time becomes too long (ne < 10
−2 ) to produce significant cooling during the evolution. In the other regime, within the Bondi radius ( < ∼ 80 pc), the dynamical time is too short for the gas to condense while being advected inwards. It is thus not surprising that most of the multiphase gas in the core of galaxies, groups, and clusters is observed from hundreds pc to several kpc (e.g. Rafferty et al. 2008; McDonald et al. 2010 McDonald et al. , 2011a Davis et al. 2012; Werner et al. 2013) . This circumnuclear region is the nursery of cold gas and star formation. In spiral galaxies, where the whole system can have t cool /t ff < 10 up to several tens kpc, TI clouds may be even more common (e.g. the high-velocity clouds in the Milky Way and M31).
Outside the core (∼5 kpc), the profiles are very similar to the initial conditions. Only a very small amount of gas is flowing out of the box due to turbulence. Therefore, it would not be appropriate to study the evolution for several tens Myr in smaller domains ( < ∼ 10 -15 kpc). Further, gas outflow from the computational domain would be exacerbated by too strong turbulence. The large dynamical range achieved in the present simulations is thus crucial to properly model also large scales.
Another reason to keep turbulence at low levels is that stirring motions heat the gas via turbulent dissipation. The specific heating rate due to the dissipation of turbulence can be approximated aṡ
3 ; subject to order unity uncertainty). Subsonic velocity dispersions of ∼150 km s −1 (L > ∼ 4 kpc) produce negligible heating compared with radiative cooling, as shown by the T profiles at large radii (Fig. 3b) . On the other hand, strong transonic turbulence ( §5.4) significantly increases the thermal energy of the gas and damps thermal instability.
Accretion & cooling rate
The accretion rate shows typical signs of stochastic evolution (Figure 3c) . Until 6 Myr the accretion rate is similar to the one found in the unperturbed cooling run because the cooling is still feeble. At this time, turbulence is already well established, with σv 120 km s −1 . After this transient period,Ṁ• begins to fluctuate and the peaks in accretion rate correspond to moments when dense Fig. 2a ; the top panel has a fast average of 0.1 Myr). The dashed line corresponds to the adiabatic run. Although in the presence of turbulent motions (cf. §6), the accretion rate is again boosted by up two orders of magnitude with respect to the Bondi rate at a given time, while connected with the cooling rates.
cold clouds cross the accretor region. The typical period of fluctuations is ∼5 Myr. The timescale relevant to reaching approximate steady state is the cooling time, rather than, for example, the soundcrossing time of the box (single accretion events occurs on an even shorter timescale, t ff ).
The accretion rate reaches a peak value of 4 -5 M yr −1 , similar to that found in the unperturbed cooling run at ∼30 Myr. However, the level of accretion is now lower on average by a factor of a few. Compared with the Bondi formula (using gas quantities averaged on kpc scale), the average accretion rate is still up to two orders of magnitude greater thanṀB (middle panel). The relevant result is that radiative losses dominate the dynamics of accretion even in the presence of moderate turbulence. In the adiabatic case, vortical and bulk motions lead instead to a decrement in the accretion rate ( §6).
The absence of heating has a strong effect on the cooling rate (bottom panel; T < ∼ 10 5 K), showing values very similar to the pure cooling evolution (slightly reduced by turbulent motions), with peaks up to 7 M yr −1 . The cooling rate also shows a moderate stochastic evolution, with a positive trend with time. M• is again linked to the cooling rate (considering in particular the peaks), within a factor of a few, since there is a delay between cooling and accretion.
Strong turbulence
We also investigated the effect of stronger stirring on accretion. This case is perhaps less general but could be applicable to situations when more vigorous gas stirring is induced by strong AGN outbursts, stellar feedback, major mergers. Such events could result in transonic/supersonic velocity dispersions and compressible turbulence. Here we describe only key similarities and differences between these runs and those discussed above.
First, we considered turbulence with the velocity dispersion of ∼300 km s −1 (M ∼ 0.7). This was done by increasing the energy per mode * . As in the previous run ( §5.3), we see the formation of thermal instabilities and subsequent chaotic accretion. Chaotic accretion phase begins after about one cooling time since the beginning of the simulation (∼7 Myr). Accretion rate is again highly fluctuating with slightly lower instantaneous peaks reaching 2 -3 M yr −1 and a similar 5 Myr fluctuation period. We also tried 100 times longer correlation time τ d , but found that this did not significantly alter the evolution. Overall, the results are similar to the previous run with cooling and weaker stirring. However, turbulent heating starts to become more relevant: away from the black hole sphere of influence, on kpc scales, the temperature increases by ∼30 -35 percent and the cooling/accretion rates are reduced by a similar fraction.
When the velocity dispersions become transonic the dynamics completely changes. Strong turbulence leads in fact to substantial dissipational heating (∝ σ 3 v ), which easily increases t cool /t ff over 30, damping thermal instability. The suppression of the TI growth may be also supported by adiabatic processes (Sánchez-Salcedo et al. 2002) : random compressions heat the gas and fluctuations can re-expand before having time to cool. However, in the present run with σv ∼ 600 -650 km s −1 (M ∼ 1.5) we see significant variations in entropy K, meaning that adiabatic processes play a secondary role.
Turbulent dissipation timescale can be approximated as t turb ∼ e th /ė turb ∼ M −2 t eddy , where e th is the specific thermal energy and t eddy L/σv is the eddy turnover time (with a factor of order unity uncertainty). Assuming a characteristic scale L 4 kpc and transonic Mach number, yields t turb ∼ 6 -8 Myr (∼ t cool ), which implies that turbulent heating becomes very important. In fact, during the 40 Myr evolution, the temperature raises by a factor of circa 3. Cooling is therefore suppressed by two orders of magnitude (< 0.01 M yr −1 ), and so is thermal instability. The evolution is dominated only by strong stirring and only hot gas is present in the atmosphere. Consequently,Ṁ• shows a progressively strong decline, from 0.1 down to 10 −3 M yr −1 (30 Myr), Fig. 1a) . Note the significant decline in the accretion rate compared with the Bondi-like case without turbulence. This decrease is due to the presence of turbulent eddies (vortical and bulk motions relative to the accretor).
due to the high temperature and large vorticity (see §6). The minima ofṀ• display values even one order of magnitude smaller than those computed via the Bondi formula. Strong turbulence tends also to smooth out the central density profile and to drive more gas out of the boundaries. The decrement in the central density is 1.5 -2×, a sign that turbulent diffusion is also quite relevant via the flattening of gradients. At these high Mach numbers, dissipation tends to dominate over diffusion (with a net increase of entropy), albeit the two contributions are not trivial to disentangle. In summary, turbulence over 500 -600 km s −1 (M > ∼ 1), or more generally when t turb > ∼ t cool , has the exact opposite influence on the dynamics than radiative cooling. It dramatically reduces the black hole accretion rates, while heating the gas 13 . The only channel of accretion is thus a very feeble hot mode. The whole accretion process is overall determined by the competition of three timescales: t ff , t cool and t turb .
ADIABATIC ACCRETION WITH TURBULENCE
It is worth to briefly analyse the evolution without radiative cooling, while still in the presence of moderate levels of solenoidal turbulence, σv ∼ 150 -180 km s −1 (M ∼ 0.35 -0.4). The turbulent energy is just ∼8 per cent of the thermal energy (E turb 0.55 M 2 E th ). The following evolution could represent a phase of slight overheating, e.g. after an AGN outburst or major merger, in which thermal instability is temporarily suppressed (t cool /t ff > 10) and the hot mode is thus the only channel of accretion. In this Section we emphasise only the relevant differences between such a case and its radiatively cooling counterpart discussed in §5.
The key result is that the accretion rate declines as opposed to the cooling run (Figure 4a ):Ṁ• drops by a factor of a few below 0.07 M yr −1 , which was the minimum value reached in the unperturbed adiabatic model. At final time, the decrease is a factor 13 Such high turbulence seems to produce too much heating, compared with observations. However, a realistically lower level of turbulence (200 -400 km s −1 ; de Plaa et al. 2012 ) is an integral element of a successful heating model, as it efficiently redistributes and isotropises the feedback energy (Gaspari et al. 2012b ). Fig. 1b) . The profiles are similar to the Bondi case, though more shallow due to turbulent diffusion, and displaying fluctuations. of ∼2.5. The dominant timescale for quasi-steady state is the eddy turnover time (t eddy ∼ 25 -30 Myr). The accretion rate normalised to the Bondi rate (not shown) is very low: ∼2 -3ṀB (the small bias due to the galactic gradients; cf. §3.1). TheṀ• evolution still shows a stochastic behaviour, though with a reduced amplitude. When the solenoidal turbulent motions are significant, the vorticity driven via the baroclinic instability becomes important and inhibits accretion (cf. Krumholz et al 2005 Krumholz et al , 2006 ; we remark that we do not fix an initial rotational velocity). This happens because the medium is stratified 14 . On the other hand, when turbulence induces a stronger transient bulk motion, the reduction ofṀ• is mainly associated with the non-zero relative velocity between the accretor and the flow motion (Bondi & Hoyle 1944) .
The radial emission-or mass-weighted profiles (Fig. 4b) , are very similar to those corresponding to the Bondi-like run ( §3.2). The only difference is the presence of moderate fluctuations on the order of few tens of percent, and the ability of weak turbulent diffusion to slightly flatten the central density profile (which in minor part helps reducingṀ•). We remark that the heating due to the dissipation of turbulent motions is negligible for this level of stirring, as indicated by the temperature profile at large radii.
The temperature map (Fig. 4c ) reveals the presence of turbulent eddies on the scales of a few kpc, i.e. the injection scale, which are cascading to smaller scales. The fluctuations driven in the current evolution are typically quasi isentropic, with more significant fluctuations in pressure, as opposed to the runs with cooling enabled. As shown in the previous Section, increasing σv progressively magnifies the impact of turbulent dissipation, hence leading to a mixture of entropy and pressure fluctuations. Fluctuations with varying entropy prevail when turbulence becomes transonic and, of course, when the cooling/heating terms are active.
In summary, adding moderate stirring to the purely adiabatic case drives hot accretion with significantly reducedṀ•. With stronger turbulent motions, the accretion rate is reduced by over two orders of magnitude (not shown). In less massive galaxies this state should be much more frequent, since central heating has more severe consequences in less bound systems (Gaspari et al. 2012b) , and turbulent velocities may easily reach M > ∼ 1, given the lower gas sound speed. Sgr A * and NGC 3115 might be two exemplary cases (Wong et al. 2011) . Finally, this run demonstrates that the radiative cooling, in combination with turbulence (and heating; see below), is the main cause of the dramatic boosts of matter channelled to the very centre, compared with the Bondi expectation.
ACCRETION WITH HEATING, COOLING & TURBULENCE
Hot gas in galaxies, groups, and clusters is not only cooling but it also appears to be kept in quasi thermodynamical equilibrium. The main heating mechanism that prevents catastrophic cooling is likely AGN feedback, possibly helped by mergers, conduction, and stellar evolution. The SMBH acts as a thermostat, triggering AGN outflows/jets, and subsequent buoyant bubbles, shocks, and turbulent motions ( §2.5). The latter phenomena are able to efficiently thermalise the kinetic energy, and to isotropically heat the medium (Gaspari et al. 2012a ). The next step in increasing the level of realism of our model is thus to include spatially-distributed global heating. As our intention is to implement physics that is applicable 14 The process is analogous to the formation of meteorological cyclones. evolution of the accretion and cooling rate (cf. Fig. 2a ; top two panels have a fast average of 0.1 Myr). Even in the presence of heating, which reduces the average cooling rate, the accretion rate is still boosted by TI up to two orders of magnitude, compared with the Bondi prediction. The accreted hot gas remains always below 5 per cent of the accreted cold phase.
to a range of situations, we use a simple heating prescription that, in agreement with observations, guarantees global average balance of heating and cooling. In this model the gas is globally thermally stable, which does not preclude the possibility of the development of local TI ( §2.5). In addition to heating, the simulation discussed in this Section includes cooling and turbulence at the level identical to that considered in the previous Section (σv ∼ 150 -180 km s −1 , M ∼ 0.35), with all other key parameters remaining unchanged. Recall that for these velocities, the energy injection due to the dissipation of turbulent motions is negligible compared with the cooling rate. In §7.4 we experiment with stronger stirring.
Accretion & cooling rate
The evolution of the accretion rate reveals the multiphase structure of the flow (Figure 5a ). Before a cooling time ( < ∼ 7 Myr), most of the accreted gas is hot (T > 10 6 K): theṀ• evolution is smooth and tends to slowly decline due to the driven turbulent motions (cf. §6), falling below the rate observed in the unperturbed adiabatic case,Ṁ• ∼ 0.08 M yr −1 . From 7 Myr onward, TI becomes exponentially nonlinear and cold clouds condense out of the hot phase progressively boosting the accretion rate. Consequently, the accreted hot gas remains below 5 per cent of the accreted cold phase throughout the rest of the evolution.
Similarity between the present and the previous stirring-pluscooling run is evident (cf. Fig. 3c ). However, heating introduces important differences. The fluctuations in the accretion rate have considerably higher frequency and subsequent accretion peaks can appear in just 2 Myr. In fact, in a heated atmosphere TI grows exponentially rather than linearly, as would be the case in the coolingplus-turbulence case (see McCourt et al. 2012 for the analytic dispersion relation). When t cool /t ff < ∼ 10, buoyancy is not able to prevent the nonlinear condensation from falling. Cooling is further boosted by the geometrical compression, leading to the runaway sinking of cold blobs.
Other than driving a more dynamic atmosphere, the effect of global heating appears as a significant reduction in the average cooling rate, oscillating around 1 M yr −1 (bottom panel), i.e. < ∼ 15 per cent of the pure cooling rate (in the late stage). The cooling rate, as well as the tightly linkedṀ•, approximately reaches the statistical steady state after a few t cool , while in the cooling-only run it tends to slightly rise up to 10× higher. We note that accretion is sub-Eddington in all cases considered in this work (Ṁ Edd 70 M yr −1 ), but could be super-Eddington at high redshift when the black hole has considerably smaller mass.
A key result from this experiment is that, even in the presence of heating, using the Bondi formula (on the kpc scale, as commonly done in cosmological and large-scale simulations) leads to the accretion rates underestimated by up to two orders of magnitude, with typical values around 50× near final time. This is caused by the fact that the dense cold filaments drive accretion despite the fact that their volume filling is negligible compared with the hot phase. Just as in the cooling case with turbulence, the sizes of the clouds and filaments are still sufficiently large to facilitate collisions between them. This helps to keep the accretion rate at these high levels.
We remark that our work provides a physical basis for the high value of the boost parameter assumed in cosmological simulations (α 1), which is required to reproduce the concurrent growth of black holes and their host galaxies (e.g. Sijacki et al. 2007 ).
Radial profiles
Since thermal instabilities and filamentary extended cold gas grow in the presence of the distributed heating, the mass-weighted profiles are dominated again by the dense cold phase within few kpc from the centre (Fig. 5b) and show sharp increase (decrement) in the density (temperature). As forṀ•, the temporal fluctuations have now higher amplitude and frequency, a signal that the multiphase gas is now more clumpy and filamentary.
In the linear regime, and for a homogeneous background, we would see thermal instabilities forming at all distances from the centre as long as t cool /t ff is sufficiently small. However, in the presence of a declining density gradient, t cool /t ff displays a minimum at 250 pc (Fig. 5c) . Indeed, we observe the formation of the first small filamentary cold structures near this radius. In the nonlinear regime, small-scale perturbations have also the potential to reach higher amplitudes (Burkert & Lin 2000) . After this initial phase, we observe the formation of cold clouds with a wide range of sizes, from distances of several 10 pc up to ∼8 kpc, where t cool /t ff remains below 10 ( Fig. 5b -5c ; the radial average masks some of the clouds). This value of the cooling to free-fall time ratio is the threshold that approximately corresponds to the onset of nonlinear cold gas condensation (Gaspari et al. 2012a; Sharma et al. 2012) . Instabilities form whenever this ratio falls below the threshold in a certain region, hence setting the scale of the local cloud.
We note that turbulence acts as an effective diffusive process, like thermal conduction, preventing most of the TI to reach the smallest resolution (and thus helping convergence; §7.5). The usually tiny Field length (1965) -the smallest scale of TI collapse set by conduction in the absence of stratification -may thus not be relevant in this context.
After 40 Myr, the dropout of the cold gas from the hot phase causes the ambient medium to become progressively more tenuous, leading to t cool /t ff > ∼ 10 at all radii. The growth of new cold clouds is inhibited, since in this regime buoyancy dominates the dynamics exciting gravity waves and following convective stability. At this point, a strong AGN feedback event will likely be triggered due to the cold accretion of the previously formed clouds, followed by a phase of slight overheating ( §6). Consequently, the feedback input will rapidly decrease, allowing cooling to lower t cool /t ff and to start the loop again (Gaspari et al. 2012a for a detailed analysis of the self-regulated feedback cycle over several Gyr).
The presence of heating has the effect to sustain the temperature radial profile at large radii. In fact, the T profile remains adherent to the initial condition over several kpc (∼10 7 K), while in the cooling-only unperturbed case it is steadily declining. Removing the contribution to the profiles from the cold gas via emission weighting results in a roughly constant temperature profile (Fig. 5b,  bottom right panel) . The X-ray emission-weighted density profile (not projected) demonstrates that the temporal fluctuations 15 are larger compared with the fluctuations in the no-heating case, especially within the inner 100 pc (bottom left panel).
We emphasise that current X-ray telescopes -typically resolving radii > ∼ 1 kpc (except for few nearby galaxies) -have severe difficulty in determining the mode of accretion via the Tew and ne profiles (cf. the magnitude of errors in Wong et al. 2011 ). Figure 5b also shows that extrapolating the observed profiles from kpc scales (e.g. Allen et al. 2006 ) is misleading, since the X-ray profiles resemble Bondi hot accretion, while the accretion rates and dynamics could be profoundly different (the same is valid for the adiabatic case with turbulence in §6).
Dynamics: chaotic cold accretion
The temperature and density maps clearly reveal that accretion in a realistic astrophysical situation is cold and chaotic. This is a cru- Fig. 2b ). The extended multiphase structure and stochastic nature of the accretion flow is evident within 10 kpc, but it is largely concealed by weighting with X-ray emission (projection along line of sight will aggravate this effect). The emission-weighted temperature profile is remarkably flat: this prediction could be tested with the next generation of X-ray telescopes (resolving radii < 100 pc) to discriminate between the hot and cold mode of accretion. volume-weighted ratio of the cooling time and free-fall time for the hot phase in radial shells (T > 0.1 keV; every 2 Myr). The threshold of ∼10 marks the point where the condensation of extended cold gas becomes possible (100 pc -8 kpc). The dropout of cold gas out of the hot phase results in a steady increase of this ratio, since t cool of the more tenuous hot gas becomes longer. cial result with important implications for the evolution of galaxies, groups, and clusters ( §9). Figure 5d shows a representative example of the temperature (top) and density (bottom) distribution. After few cooling times, the evolution reaches equilibrium in the statistical sense. Thermal instabilities quickly enter the nonlinear regime and extended cold filaments drop out of the hot phase within < ∼ 8 kpc from the centre. In this region t cool /t ff < ∼ 10.
The denser gas at 10 4 K forms the nucleus of the extended cold filaments. The massive nucleus is often surrounded by layers of cooling gas in which t cool /t ff ∼ 4 -6 and temperatures are approximately a few 10 6 K. This regime is highly thermally unstable due to strong line emission. The scenario is strikingly similar to what is seen in the multi-wavelength observations of cool cores. These observations reveal co-spatial presence of filamentary cold/warm gas in Hα, FUV, and soft X-ray band (McDonald & Veilleux 2009; McDonald et al. 2010 McDonald et al. , 2011a . A small offset can arise in regions of strong stirring or when AGN outflows are active. Nevertheless, the overall correspondence between X-ray and Hα emission suggests that the filaments developed through thermal instability, like in our models. Figure 5d shows that multiphase gas forms on several scales with various topologies and complex dynamics -a trademark of Both maps show representative snapshots of the temperature (top) and density (bottom) distribution, with the velocity field overlaid. The mode of accretion is cold and chaotic, driven by frequent collisions and tidal motions between the cold clouds, extended filaments and the central intermittent torus. These strong interactions reduce the angular momentum of the cold gas, leading to the boost ofṀ•.
chaotic systems. The cold gas is always dense, in rough pressure equilibrium with the hot ambient. The combined action of tidal forces and turbulent motions can easily stretch smaller spherical clouds (top panel) into longer and thinner filaments, extending even 2 kpc in length (bottom). Magnetic forces could further contribute to the development of filamentary structures in the flow, due to the action of anisotropic thermal conduction (Sharma et al. 2010) . As revealed by Figure 5e , the temperature fluctuations are mainly due to entropy variations (non isentropic), while the pressure remains rather smooth (quasi isobaric), in contrast to the evolution of the adiabatic case with stirring ( §6). Adiabatic heating or cooling due to turbulent motions has therefore a minor relevance in chaotic cold accretion (cf. §4.2), apart from its effect on seeding TI. The final product is a strongly biphase medium, with the low entropy phase emerging from the high entropy background.
Collisions between cold clouds are very common and may occur more frequently than once per Myr. The collision frequency increases as the clouds get closer to the accretor. Consequently, larger clouds are formed due to merging of smaller clouds. Tangled filaments increase their cross section over time (even up to ∼1 kpc 2 ) and experience even more encounters and shear with other clouds. The morphology of the cold phase continuously changes and, as the clouds grow in size, they may become more spherical. However, larger clouds can again become filamentary or may even get dissociated by violent motions and tidal forces. The evolution is fully chaotic. In fact, the accretion rate and orbits of the clouds at a given time and position can not be exactly predicted (in a way similar to meteorological weather). This scenario could also explain the frequent variability of the AGN luminosity.
We emphasise that approximating clouds as compact and dense clouds on ballistic trajectories (e.g. in semi-analytic treatments or in numerical simulations of isolated clouds) would not capture the essential physical processes. In idealised atmospheres, a moderate amount of angular momentum could prevent accretion. However, cold clouds are entities with finite cross section, which can often form extended threads. This leads to numerous inelastic collisions with a significant cancellation of the gas angular momentum. Even if the gas does not possess net non-zero angular momentum, turbulence seeds non-zero local angular momentum in the forming clouds, which is further magnified by the baroclinc instability toward inner radii. The friction between the cold clouds with the hot phase, although minor, also helps to reduce the angular momentum of the clouds. These processes substantially boost the accretion rate (cf. the turbulence-only model in §6). Notice that, during the secular evolution, the cold gas will not always display an inflowing kinematics, since it can be uplifted by violent feedback events (outflows, jets, bubbles; Gaspari et al. 2012a) , sustained by the turbulent weather.
An interesting intermittent structure present in the flow is the nuclear torus ( Fig. 5b and 5d ), i.e. cold gas possessing higher angular momentum within the central 100 pc (via baroclinic instability). Under idealised conditions this structure would develop into a classic perfectly rotating disc ( §2; Shakura & Sunyaev 1973) , and some angular momentum transport process would be needed to facilitate accretion. In chaotic cold accretion, the momentum of the intermittent torus is instead removed by dissipative collisions with new infalling clouds that continuously bombard the torus (especially when they have opposite momentum). The presence of a dense obscuring torus within 100 pc from the centre, which is supported by an extensive AGN literature (Bianchi et al. 2012 for a review), is thus a natural consequence of chaotic cold accretion. The dense TI clouds could also represent the narrow and broad line region of AGN, situated on scales greater or less than the torus, respectively.
Overall, the key process is the angular momentum cancellation through frequent collisions (cf. Nayakshin & King 2007; Pizzolato & Soker 2010) , not only between the cloud-torus but also between cloud-cloud. Even if the bulge had a significant initial rotational velocity (not modelled here, since generally low for ellipticals; §2), as long as σv > vrot,gas, rotational support and a dramatic decline inṀ• do not occur (as shown by Hobbs et al. 2011) . Our simulated turbulence always resides in this regime. With no turbulence, the thin disc induced by gas circularisation on roughly 50-100 pc, would instead be a serious hindrance for accretion: the typical viscous timescale appears ∼1 Gyr at 1 pc (King & Pringle 2007) . Other works (Hopkins & Quataert 2010; Mayer et al. 2010) suggest that instabilities within the disc-like structures can nevertheless alleviate the angular momentum problem. e ). Most perturbations induced by thermal instability are not isentropic, but quasi isobaric. Adiabatic processes have therefore a minor relevance in chaotic cold accretion. The medium is strongly biphase, with the low entropy phase emerging from the high entropy background.
Self-gravity is not expected to dramatically change the rate of accretion or momentum extraction from the torus. For selfgravity to be important Toomre Q parameter must be < 1, or M disc > ∼ (H/R)M•, where M disc is the critical disc mass and H/R is the aspect ratio. From the simulations, a common aspect ratio is roughly 0.1, leading to M disc > ∼ 3 × 10 8 M . We estimate that our typical torus masses are < ∼ 10 7 M , hence self-gravity may be secondary. On the other hand, we warn that the torus is a continuously warped and dismantled structure, which can not develop in a classic thin disc (e.g. H/R ∼ 10 −3 ), due to the continuous action of turbulence and heating. Toomre Q parameter might thus not be crucial for this clumpy strucure. From another perspective, Nayakshin & King (2007) argued that the torus could never grow as massive in the first place since the stochastic accretion timescale is much shorter than the viscous timescale (∝ R 2 ), hence preventing star formation. Finally, the cold clouds and filaments are not massive enough to overcome the external potential (BH, stars, matter; cf. Li & Bryan 2012) . Considering just the BH influence, the tidal disruption radius is rt ∼ (M•/ρ cloud ) 1/3 > ∼ 1 kpc, for ρ cloud < ∼ 10 −22 g cm −3 , much greater than that of any cloud (ρ cloud declines with r). Only a small fraction of the cloud cores, where gas is considerably denser, can be Jeans unstable and selfgravitating. The core could then form a molecular cloud (T < 10 4 K), triggering star formation. Subsequent stellar feedback can reheat the gas over 10 4 K, leading to more turbulence and collisions. We defer these effects to future high-resolution MHD studies.
Strong turbulence
We briefly discuss models with cooling and heating, but consider stronger turbulence by increasing the energy per mode.
The first run reaches steady turbulent velocities of ∼300 km s −1 (M ∼ 0.7), i.e. about two times larger velocity dispersion than in the previous Section. The overall evolution results to be similar. The accretion rate initially drops to lower levels (0.02 M yr −1 ) and for a longer time. However, after 12 Myr,Ṁ• is again boosted by the sinking of cold clouds that condense out of the hot phase via TI. The accretion rate settles to a quasi-stable stochastic regime, but exhibits slightly higher peaks up to 1 -2 M yr −1 , showing shorter period (less than 2 Myr). Similar to the weaker stirring case, the normalised accretion rate stays in the range of 50 -100ṀB, and the cooling rate oscillates around 1 M yr −1 . The maps show the same stochastic dynamics as found in the previous Section, with several collisions, merging, and tidal motions. In contrast to the reference case, the radial profiles now reveal that turbulent heating starts to be effective, increasing the temperature by ∼ 40 per cent.
We also tested the transonic stirring regime, driving turbulence up to ∼550 km s −1 (M ∼ 1.3), this time only for the initial 5 Myr (continuous turbulence suppresses TI; §5.4). This level of turbulence mimics the dynamics of a very strong AGN feedback event (∼10 45 erg s −1 ). Half the evolution (15 -20 Myr) is dominated by turbulent dissipation, showing a drastic decline ofṀ• (as in §5.4) and cooling rates reduced well below 1 M yr −1 . The density and temperature fluctuations in the mass-and emission-weighted profiles are substantial, showing a T increase by a factor of ∼2. However, since the stirring is not continuous, after this hot accretion period, we observe again the formation of extended multiphase gas, withṀ• boosted up to ∼ 1 M yr −1 or 100 timesṀB. We conclude that continuous stirring, in a heated atmosphere, and for the common Mach numbers M ∼ 0.2 -0.7, leads to the formation of TI and a strong boost in the accretion rate, while not violating the observational constraints on the large-scale profiles of the galaxy/group. On the other hand, for transonic stirring, turbulent dissipation becomes significant and can stifle TI by increasing the t cool /t ff unless the driving vanishes after few Myr (as in the self-regulated feedback loop). The secular accretion history is thus driven by the competition of t ff versus t cool versus t turb , alternating between the cold and hot accretion mode (with the latter significantly less efficient).
Convergence & the sub-parsec region
As a last step, we test convergence of the fiducial heated simulation with moderate stirring ( §7.1) by performing three dedicated runs. We focus on the convergence of the accretion rate rather than the detailed cloud morphology.
In the first test, we start the evolution from the same initial conditions as before, but we increase the central resolution by 4 times to ∼0.2 pc. The system is integrated for half the usual evolution time, i.e. until 20 Myr. As shown in Figure 6 , the higher resolution run (magenta) is consistent with the previous reference accretion model (black).
16 The cooling rate is also convergent throughout the evolution, and radial profiles and maps of density/temperature show identical values as in Figure 5b .
In the second test, the radial extent of the fixed AMR shells is halved, thus reducing the resolution by a factor of two at each radius. Since the maximum resolution is the same (as in §7.1), we are able to drive stirring with the same random numbers in real/phase space. The key result is that convergence is clearly achieved (Fig. 6 , red line), since the accretion rate matches that for the higher resolution case (black line). Occasionally, the accretion rate in the lower resolution case is higher by a few percent due to the formation of Figure 6 . Convergence test with 4× higher (magenta) and 2× lower resolution (red) than the fiducial model with heating, cooling and moderate turbulence (black - §7.1). The accretion rate shows that the fiducial run with resolution of ∼0.8 pc is well in the convergence limit (for the magenta line in the statistical sense, since the random noise is not identical). Increasing or reducing the resolution leads to a very similar evolution and dynamics. Cross section of the gas density distribution from the deep zoomin test with resolution of ∼20 R S . The accretion rate is still maintained at high levels, since the cold clouds are stretched and channelled via a funnel toward the BH by its strong gravity.
cold blobs over few grid zones. However, most of the cold blobs are typically described by a thousand or more cells (in volume). Turbulent diffusion acts also as an effective diffusion, preventing the cold clumps to collapse to the minimum resolution (the details of the cold phase will be studied in a following work). We note that while the clouds emerge in the entire radial range where t cool /t ff < ∼ 10, the majority of the them form near the inner better resolved radius where this condition holds (Fig. 5c ). The evolution of the cooling rate is also convergent, smoothly increasing to 1 M yr −1 at 20 Myr. Finally, over 40 Myr, profiles and maps show identical behaviour described in §7. We conclude that the pc resolution of the fiducial models ensures that the results are robust.
The last test is the most expensive, pushing the AMR capability of the code and reaching the resolution of ∼ 20 RS ∼ 6 × 10 −3 pc (the dynamical range is almost 10 million). The time evolution needs to be drastically decreased down to 1 Myr. We restarted the fiducial run from the final time (40 Myr), keeping the same conditions in the 52 kpc box but zooming in on the central region. The previous sink region is filled with hot diffuse gas at ∼10
7 K. After the initial transient phase due to the restarting 17 , the multiphase gas steadily accretes reaching an average value slightly less than that of the fiducial run in 1 Myr, ∼0.4 M yr −1 . The accretion rate remains high even on sub-pc scales, since the strong gravitational attraction ( §2.2) channels the cold gas toward the black hole via a narrow funnel (Figure 7) . In a few dynamical times, most of the cold clouds experiencing chaotic collisions can be potentially captured and channelled toward the sub-pc region. Below a few tens of RS, the accretion process is expected to be more complex. We will perform dedicated simulations to study this region including additional physical processes discussed in §9.
COMPARISON WITH OTHER WORKS
In this Section, we review and compare previous work in the accretion literature related to our simulations, which can shed further insights into chaotic accretion. We do not attempt to provide an exhaustive picture of previous accretion physics models.
Regarding analytic calculations, King & Pringle (2006 , 2007 and Nayakshin & King (2007) postulated that black holes may grow through a series of randomly oriented accretion events, via a succession of minor mergers. Their main hypothesis was that the driver of accretion is the cancellation of angular momentum via collisions between the clouds and torus. This avoids the problem of accreting the gas through viscous dissipation in a classic thin disc, which has a large inflow time (∼1 Gyr near 1 pc). As pointed out by the previous authors, important observational implications could arise from chaotic accretion. The self-gravity catastrophe of the disc can be avoided at radii up to tens of parsecs, preventing global star formation and inefficient gas accretion. Nuclear star formation may be though possible in rings near ∼0.01 pc (the self-gravity radius), especially at low accretion rates (e.g. Sgr A * or dwarf galaxies). Further, the spin of the black hole could be significantly lowered, leading to faster BH growth, due to the low radiative efficiency, and random jet orientation disconnected from large-scale discs or bars. King & Pringle (2007) also estimated the BH luminosity function, emerging from a chaotic evolution, which is encouragingly similar to the SDSS data in Heckman et al. (2004) .
Our simulations show that a turbulent, cooling and heated system experiences chaotic dynamics at radii up to almost 10 kpc due to thermal instabilities, where t cool /t ff < ∼ 10, not only below 10 pc and without the requirement of merging satellites. We found the torus a very volatile and clumpy structure, which does not develop into a steady thin disc, since it is frequently dismantled (< 1 Myr) by the turbulent and heated environment (feedback events would accentuate this behaviour). The accretion is driven by angular momentum cancellation via collisions between both the cloud and torus and the clouds themselves. Pizzolato & Soker (2005) and Soker et al. (2009) highlighted a major flaw of pure Bondi accretion as a source of feedback heating, i.e. the slow communication time (> 1 Gyr) between the kpc-scale gas and the BH. They also emphasised the importance of cooling. Using analytic models, they focused on the condensation of a cold blob, suggesting that the cold phase is a key element for BH accretion (they named the model 'cold feedback mechanism'). As shown by our numerical simulations, the angular momentum barrier is avoided by frequent collisions, with typical timescale shorter than the inflow time, especially in the inner 100 pc (cf. Pizzolato & Soker 2010) , in minor part helped by the drag of the ICM. Hobbs et al. (2012) emphasised the failure of classic BondiHoyle prescription in cosmological simulations, since on large scale the potential is dominated by the galaxy and, combined with cooling, the flow might enter the free-fall regime (see also Rees & Ostriker 1977; Quataert & Narayan 2000) . They suggested a subgrid formula interpolating between Bondi-Hoyle andṀ• ∼ Mgas(< r)/t ff . However, their calculations assume isothermal gas and no heating, and thus can not resolve TI or a multiphase medium. In the presence of a heated atmosphere ( §7), the cooling flow is moderate and the free-fall regime is attained only by single TI clouds, not the entire gas mass enclosed within the halo. We find the cooling rate (in the galactic core) a simpler and effective approximation, which avoids the limitations of the Bondi formula (see §4.1). If t cool t ff , then the accretion rate should be limited by the free-fall time, as argued by the previous authors. This could happen for gas-rich high-z galaxies, especially at large radii. We remark that the cold mode of black hole accretion is not identical to the massive cold flow associated with galaxy formation and occurring at r > ∼ rvir (Kereš et al. 2005 ), since they work in different density and length-scale regimes.
Using smoothed particle hydrodynamics (SPH), Hobbs et al. (2011) studied the evolution of a rotating (60 km s −1 ) and gaseous shell (30 -100 pc) surrounding the BH, for a few dynamical times. The gas is assumed isothermal. In the unperturbed case,Ṁ• is strongly suppressed. On the other hand, adding turbulence with σv > ∼ vrot boosts the accretion rate by up to three orders of magnitude. When turbulence is supersonic, dense filaments are compressed inducing 'ballistic' accretion. However, our computed long-term evolution of an extended non-isothermal atmosphere experiencing cooling plus heating shows a different behaviour, i.e. multiple collisions between condensed cold clouds, deviating from bullet-like orbits, even in the presence of subsonic turbulence. Barai et al. (2012) employed SPH simulations to study the strong X-ray radiation from a quasar affecting a dense absorbing shell (0.1 -200 pc) for < ∼ 1 Myr. When L ∼ 0.01 L Edd and ionisation ξ ∼ 500, the shell fragments in dense long filaments, due to the exponential growth of thermal instability (in the range r ∼ 1 -30 pc). This photo-ionised TI (cf. Krolik & London 1983) occurs in a very narrow regime (0.01−0.02 L Edd ), below which radiation becomes irrelevant and above which a spherical outflow develops, suppressing accretion.
The same authors pointed out that the SPH method has relevant limitations when studying instabilities, stating that inherent fluctuations of SPH can lead to a spurious TI growth. As shown by comparison studies (e.g. Agertz et al. 2007; Tasker et al. 2008; Mitchell et al. 2009; Bauer & Springel 2012 ) fluid instabilities, discontinuities, mixing, and turbulence are poorly resolved or even suppressed by SPH techniques. The finite number of total SPH particles which can be sinked is also a limitation (the boundary problem), allowing only a brief time integration (Barai et al. 2011 ). We do not claim that grid codes are unaffected by numerical diffusion and deficiencies, nevertheless we believe they are more suited to study the turbulent and stochastic dynamics, developing key instabilities (cf. figure 4 in Bauer & Springel 2012 ).
Finally, we note that, in contrast to the previous numerical works, we have studied the mode of accretion for several tens Myr, in a realistic galactic atmosphere, linking the 100 kpc to the subpc scales, under the action of cooling, heating, and turbulence.
SUMMARY & DISCUSSION
The simplicity of classic accretion theory makes it extremely appealing to apply the Bondi formula (Eq. 2) to the interpretation of observations, build analytical models, and parameterise the black hole accretion rate in large-scale simulations. However, the Bondi model requires a number of strong assumptions that can be grossly violated in a realistic astrophysical environment. The Bondi flow must be adiabatic, steady, unperturbed, with no vorticity or heating, set by constant boundary conditions at large radii, among the most notable. In an attempt to increase the realism of the accretion, we presented a systematic investigation of the effects of radiative cooling, global heating, and turbulence on the black hole mass accretion rates in extreme dynamical range simulations (up to 10 million), and compared the simulated evolution with the prediction of the classic Bondi model. Our 3D simulations also allow us to isolate the effect of non-vanishing gradients in density and temperature on the accretion rate. Our model is fairly general and applicable to a range of systems, such as hot halos in galaxies, groups, and clusters. Below we present the summary of our key findings, discuss crucial implications and limitations of the model, as well as future directions.
1. Adiabatic & unperturbed accretion. First, we studied adiabatic accretion in the presence of a realistic declining density and slightly increasing temperature profiles. That is, we relaxed the assumption of the flat distribution of thermodynamic variables assumed in the Bondi model. When evaluated near rB, the Bondi formula provides an excellent estimate for the actual accretion rate (within a few percent), even if the accretion rate slowly declines over time. Computing instead the Bondi rate on the kpc scales (as often done in literature), leads to the underestimate inṀ• by a factor of 2 -4. This is due to the presence of non-vanishing density and temperature gradients; this bias can not reach a factor of > ∼ 100. We emphasise that the relativistic potential induces a finite sonic point (near the pc scale), even in the adiabatic flow.
Cooling & unperturbed accretion.
The standard Bondi prescription can result in unrealistic accretion rates. The main reason for this is the violation of adiabaticity: astrophysical hot plasmas are radiating, losing thermal energy and pressure support via condensation. In a hot radiative atmosphere, the accretion rate is boosted by two orders of magnitude, compared with the pure Bondi values. After one cooling time, the conditions near the Bondi radius are completely altered by cooling, i.e. from that point on, accretion is dominated by the thermally unstable cold gas rather than the spatially uniform hot phase. Within a few 100 pc, the mass-weighted temperature profiles drop to 10 4 K and the densities reach over 100 cm −3 . On the kpc scale, the T profile is only slightly decreasing, partially sustained by compressional heating. However, after 40 Myr, a strong cooling flow progressively alters also these regions (if no feedback is present).
Cooling & turbulent accretion.
Adding stochastic stirring motions characterised by σv ∼ 100 -300 km s −1 (M ∼ 0.25 − 0.7), further increases the realism of the simulation. These motions can be produced by AGN outflows, bubbles, supernovae, mergers or cosmic flows. The key result is the nonlinear growth of thermal instabilities and the formation of multiphase gas even for moderate turbulence. Accretion is no longer symmetric and is instead completely chaotic. The cooling rates (T < ∼ 10 5 K) are still high ( > ∼ 8 M yr −1 ), and the profiles differ from the previous case only for the continuous fluctuations. At transonic velocities M > ∼ 1, turbulent heating becomes significant and starts inhibiting TI and cooling: the key threshold is t turb /t cool < ∼ 1, where t turb ∼ M −2 L/σv.
4.
Adiabatic & turbulent accretion. Without cooling, the effect of the reference subsonic turbulence (M ∼ 0.35) is instead to reduce the accretion rate by a factor of ∼3. Accretion is reduced by orders of magnitude when M > 1. The profiles resemble the Bondi hot mode solution with flatter density and temperature profiles, due to turbulent diffusion. In the subsonic regime and in a stratified atmosphere, the generation of vorticity via the baroclinic instability plays a key role in the reduction ofṀ•. When turbulence leads to a transient strong bulk motion, the non-zero relative velocity between the accretor and the flow further reduces the accretion rate.
Heating, cooling & turbulent accretion.
The last and most realistic scenario includes spatially-distributed heating. This is motivated by the fact that atmospheres appear to remain in global thermal equilibrium due to self-regulated AGN feedback, possibly helped by conduction, mergers and stellar evolution. The heating is broadly applicable to a range of situations. The heating offsets cooling globally, but not locally, leading to the growth of nonlinear thermal instability. In the heated atmosphere, the total cold mass and cooling rate are reduced by an order of magnitude. On the other hand, (quasi isobaric) fluctuations are amplified and TI now grows exponentially. The result is a very frequent condensation of cold clouds and filaments, in the radial range of ∼100 pc -10 kpc, where t cool /t ff < ∼ 10. The key point is that in a common astrophysical scenario, accretion is mainly cold and chaotic. The dynamics is driven by stochastic dissipative collisions which cause a significant reduction of angular momentum in the cold phase and, hence, a significant boost ofṀ•. The accretion rate is fluctuating with peaks over 1 M yr −1 . Utilising the Bondi formula with the density and temperature evaluated on kpc scales would underestimate the true accretion rate by up to a factor of 50 -100.
It is remarkable that subsonic turbulence (100 -300 km s −1 ) can induce thermal instabilities, multiphase gas, and chaotic cold accretion. In fact, such a level of velocity fluctuations seems to be very common in gaseous halos (e.g. Schuecker et al. 2004; Rebusco et al. 2006; Churazov et al. 2012; de Plaa et al. 2012; ; and even higher in the interstellar medium: VazquezSemadeni 2012) and ca be confirmed by the upcoming Astro-H mission (e.g. Zhuravleva et al. 2012; Shang & Oh 2012a,b) .
The cold phase shows a plethora of morphologies on different scales: from clouds to a central torus to thin long filaments, stretched by the turbulent and tidal forces. The cold phase, although almost in free-fall, can not be considered collisionless. A significant cross section of clouds is a crucial factor facilitating frequent interactions (especially within 5 -10 rB), and in boostingṀ• beyond the Bondi prediction. Chaotic clouds seem excellent candidates to explain the common variability in the AGN luminosity, as well as the deflection or mass-loading of jets via entrainment. The ubiquitous presence of cold and molecular gas observed in the cores of galaxies, groups, and clusters (e.g. Edge 2001; Salomé & Combes 2004; Rafferty et al. 2008; McDonald et al. 2010 McDonald et al. , 2011b Davis et al. 2012; Russell et al. 2012; Werner et al. 2013) seems to corroborate the cold accretion scenario. The dense TI clouds could also represent the narrow and broad line region of AGN, situated on scales greater or less than the torus, respectively.
The angular momentum problem is a crucial issue in transporting gas from sub-kpc to much smaller scale. For instance, local viscous stresses, which are thought to dominate the angular momentum transport in classic discs, become ineffective at r > ∼ 0.01 − 0.1 pc (Goodman 2003) . Chaotic cold accretion drives gas accretion by angular momentum cancellation via collisions between the cloudtorus and cloud-cloud over several kpc. The torus is indeed a volatile and clumpy structure, continuously dismantled by the turbulent and heated environment, which prevents the development of a strong angular momentum barrier (locally induced by turbulence and enhanced by the baroclinc instability; §6).
The stochastic nature of the accretion process is also revealed via fluctuations in the radial mass-weighted profiles: below 1 kpc the density can exceed 10 3 cm −3 (X-ray brightness increase would be visible only within rB). The X-ray temperature is instead remarkably flat, even down to tens of pc. The next generation of deeper observations could clearly determine the current mode of accretion through the observations of the temperature profiles. The adiabatic Bondi-like model predicts in fact a rising X-ray temperature below 0.5 rB, although this could be also achieved when the central feedback becomes very active. Note that extrapolating the (emission-weighted) profiles from the kpc scale is instead misleading, since cold and hot accretion display the same behaviour. NGC 4472 and NGC 4261 may be two cases of inner flat T profile, while NGC 4649 and NGC 1332 may represent the hot mode regime (Humphrey et al. 2008 (Humphrey et al. , 2009 ).
We performed convergence tests and obtained consistent results. Lowering or increasing the resolution, does not change the mass accretion rates:Ṁ• stays on high levels, with similar cooling rates and chaotic dynamics. On sub-pc scales the cold phase is stretched and channelled toward the accretor via a funnel, while the accretion rate remains on a level comparable to that on larger scales.
Improvements & additional physics
In future, we intend to study in more detail the extended multiphase gas. This phase not only provides the fuel for accretion, but it is also associated with star formation and is co-spatial with dust and molecular clouds visible in the optical, infrared, and radio bands. Limited resolution may favour the condensation of the less resolved clouds and filaments, which could be also achieved by magnetic draping. On the other hand, numerical diffusion tends to prevent the initial development of instabilities on the smallest scales, an effect that could be mimicked by thermal conduction. All these effects can affect the distribution of the detailed emission measure as a function of T , which we will study next.
The magnetic field could play a role in shaping the cold phase, while its average low strength of few µG might be insufficient to modify the global accretion dynamics. The cold filaments could be though characterised by enhanced magnetic fields with vectors aligned along the filaments. Magnetic fields will also play a role in determining the degree of mixing between the hot and cold phase, with anisotropic thermal conduction likely equalising T along the filaments (Sharma et al. 2010) . On the other hand, turbulence could act as the effective (isotropic) diffusive process, making conduction and the typically tiny Field length secondary.
Strong X-ray radiation could also influence the evolution (Buff & McCray 1974; Ostriker et al. 1976; Krolik & London 1983; Barai et al. 2012) . In particular, Compton heating could have the major impact, especially near a few RS, where the cold clouds reach extreme column densities and opacities. The coupling with the hot plasma on large scales appears instead inefficient due to its high ionisation and low density. A (rare) quasar-like Eddington regime may be necessary to produce sufficient radiation pressure to alter the global dynamics.
In this study, we did not include the strong initial phase of BH feedback, focusing more on the fuelling stage. Bipolar kinetic outflows or jets can entrain and uplift a fraction of the infalling clouds along the direction perpendicular to the torus (Gaspari et al. 2012a) , and induce higher turbulence and new cold phase interactions. Some analytic theories (e.g. Blandford & Begelman 1999) also predict that the gas reaching the very centre may become unbound. However, the fate of the infalling gas depends on the mode of accretion. The presence of cold gas condensation near rB means that the outer boundary conditions for the sub-pc region would be different than normally assumed, and analytic accretion theories (as ADAF or thin disc) might lead to different results.
Key implications & applications
Considering the chaotic nature of cold accretion, it is not trivial to predict the exact accretion rate. However, we find that the cooling rates (in the galaxy core) are tightly linked to the BH accretion rates,Ṁ• ≈Ṁ cool, core , both in the heated and pure cooling cases. Due to low resolution, cosmological simulations often assume substantially boosted Bondi rates by a factor of ∼100 (e.g. Springel et al. 2005; Di Matteo et al. 2005; Sijacki et al. 2007; Booth & Schaye 2009 ), or high feedback efficiencies, in order to explain the growth of BHs and their host galaxy. Interestingly, we find from first principles, that the boost factor is about two orders of magnitude just as required by the cosmological models (the referencė M Bondi was computed on kpc scales, as is commonly done in largescale simulations). We suggest thus to apply the subgrid prescriptionṀ• ≈Ṁ cool, core , which can physically reproduce both the increased magnitude and the realistic fluctuating evolution of the accretion rate, avoiding ad-hoc factors dependent on numerics 18 . Overall, it is the cold mode that drives the BH growth/feedback, explaining why large-scale simulations are forced to strongly modify Bondi 'hot' accretion in order to match observations.
The TI scenario provides a direct link between the large scales of the hot galactic halo and the relatively tiny SMBH. The TI criterion determines how much material can decouple from the hot halo and rain down onto the black hole leading to its growth. The presence of the instability and the rate of its development are on the other hand controlled by the feedback from the BH. In the cold mode, the response time of the black hole to the increased rate of accretion (a few t ff ) is much faster than in the case of the hot mode. Therefore, a very efficient feedback can be established, leading to the proper thermodynamical self-regulation of the galaxy, group or cluster, with a duty cycle on the order of the cooling time.
cases. Overall, the secular accretion history results to be substantially polarised, showing deviations of orders of magnitude either above or below the Bondi rate, driven by the competition between three key timescales: t ff versus t cool versus t turb (stratification vs. net cooling vs. turbulence).
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